Electrochemical proton-coupled electron transfer rate constant expressions that interpolate between the golden rule and solvent-controlled limits are derived. These expressions include the effects of solvent dynamics and thus are applicable for a wide range of vibronic couplings and solvent relaxation times. The golden rule limit is defined in terms of weak vibronic coupling and fast solvent relaxation, and the solvent-controlled limit is defined in terms of strong vibronic coupling and slow solvent relaxation. In the golden rule limit, the rate constant is proportional to the square of the vibronic coupling and is independent of the solvent relaxation time. In the solvent-controlled limit, the rate constant is independent of the vibronic coupling and increases as the solvent relaxation time decreases. The interconversion between the solvent-controlled and golden rule limits can be induced by altering the proton donor-acceptor mode frequency and the overlap between the reactant and product proton vibrational wave functions, as well as the electronic coupling, the solvent relaxation time, and the overpotential. The kinetic isotope effect behaves differently in the solvent-controlled and golden rule limits and thus provides a unique probe for characterizing electrochemical proton-coupled electron transfer processes. The analogous rate constant expressions for electrochemical electron transfer and homogeneous proton-coupled electron transfer are also presented. The impact of electrode overpotential, solvent relaxation time, and proton donor-acceptor mode frequency on the rate constants are analyzed for model systems.
I. INTRODUCTION
Electrochemical charge transfer processes play an important role in fuel cells, chemical sensors, and other technological devices. In many cases, the electron transfer ͑ET͒ reactions between redox molecules and the electrode are strongly coupled to proton transfer ͑PT͒ reactions. A variety of theoretical approaches have been developed and applied to electrochemical ET, but much less effort has been directed toward electrochemical proton-coupled electron transfer ͑PCET͒. [26] [27] [28] [29] [30] [31] [32] [33] [34] Moreover, the previous theoretical treatments of PCET have relied on the golden rule formalism. In contrast, ET has been studied with a much broader range of treatments that extend beyond the golden rule formalism and include the effects of solvent dynamics. The objective of the present study is to apply these methods that have been developed for ET to the case of electrochemical PCET.
The effects of solvent dynamics on the homogeneous ET rate constant have been studied extensively. Many of these studies are based on the framework provided by Zusman, who solved a stochastic Liouville equation to obtain an ET rate constant in the following general form:
where k g and k s are the rate constants in the golden rule and solvent-controlled limits, respectively. In this framework, the golden rule limit is defined in terms of weak electronic coupling and fast solvent relaxation, and the solvent-controlled limit is defined in terms of strong electronic coupling and slow solvent relaxation. In the golden rule limit, the rate constant is determined by second-order electronic transitions and is proportional to the square of the electronic coupling. In the solvent-controlled limit, the rate is controlled by the time required for the solvent fluctuations to bring the system to the crossing point, and the rate constant is independent of the electronic coupling and inversely proportional to the solvent relaxation time. Although the golden rule and solventcontrolled limits are sometimes denoted the nonadiabatic and adiabatic limits, respectively, the overall treatment is nonadiabatic in the sense that transitions between electronic states are involved. 36 A variety of other approaches aimed at treating these regimes in a unified manner also resulted in a homogeneous ET rate constant of the general form given in Eq. ͑1͒.
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A smaller number of studies have addressed the impact of solvent dynamics on electrochemical ET. An oxidation rate constant that interpolates between the golden rule and solvent-controlled limits was derived for ET from an ion in solution to an electrode using Smoluchowski equations. 52 In the solvent-controlled limit, this rate constant becomes inversely proportional to the longitudinal solvent relaxation time. This effect has been observed experimentally for electrochemical ET. [53] [54] [55] The solvent dynamical effects on electrochemical ET were also studied using a combination of quantum mechanics and stochastic molecular dynamics simulations to model the crossover from the solvent-controlled to the golden rule limit. 14 These results were consistent with the interpolation formula given in Eq. ͑1͒.
The theoretical treatment of electrochemical PCET is challenging because of the quantum mechanical behavior of the transferring proton, as well as the electrons in the electrode and the solute complex, and the strong coupling among the electrons, proton, and solvent. The modulation of the vibronic coupling by the proton donor-acceptor vibrational mode leads to additional complications. Although the theory of homogeneous PCET is well established, [56] [57] [58] [59] [60] [61] the theory of electrochemical PCET has not been developed extensively. 30, 31, 62, 63 Recently we applied the golden rule formalism to nonadiabatic electrochemical PCET reactions and systematically derived a series of rate constant expressions that are valid in specified regimes. 62 We also extended the Anderson-Newns-Schmickler Hamiltonian for electrochemical PCET reactions and used this model to derive nonadiabatic rate constants with the master equation approach. 63 These previously derived rate constants for electrochemical PCET are valid only in the golden rule limit.
In this paper, we derive electrochemical PCET rate constant expressions that interpolate between the golden rule and solvent-controlled limits, as defined above. In the intermediate and solvent-controlled regimes, perturbation theory up to second order in the vibronic coupling is not sufficient. Thus, in Sec. II, we obtain a rate constant expression that includes all orders of the perturbation series. 46 In Appendix C, we derive the same formula with an alternative approach that avoids a perturbation series expansion. In Sec. III, we present the analogous rate constant expressions for the case of electrochemical ET and homogeneous PCET. In Sec. IV, we utilize the harmonic properties of the bath to derive analytical rate constant expressions. In Sec. V, we apply this methodology to model systems for electrochemical ET and PCET and explore how the physical properties of the system impact the rate constant. Conclusions are presented in Sec. VI.
II. DERIVATION OF THE RATE CONSTANT USING PERTURBATION SERIES APPROACH
In a previous paper, we introduced a model describing reactions in which ET between a solute complex in solution and an electrode is coupled to PT within the soluteelectrode states with energies k and the highest occupied molecular orbital ͑HOMO͒ of the reduced solute complex, respectively. The electron is transferred between the HOMO, which is typically localized on the redox center of the solute complex and denoted by the subscript r, and the electrode. ͉ I ͘ and ͉ II ͘ are the two sets of proton vibrational states corresponding to the reduced and oxidized solute complexes, respectively. The proton is transferred between these two sets of proton vibrational states upon ET.
The PCET reaction is strongly influenced by the solvent and the proton donor-acceptor mode, which is denoted the Q-mode. In the model Hamiltonian, b j † ͑b j ͒ and B † ͑B͒ are the harmonic oscillator ladder operators for the solvent modes and the Q-mode, respectively, j and ⍀ are the frequencies of the solvent modes and the Q-mode, respectively, and g j and G are the associated unitless coupling constants. By construction, the equilibrium position of the Q-mode in the product ͑oxidized͒ state is Q = 0, and the equilibrium position of the Q-mode in the reactant ͑reduced͒ state is shifted from zero by ␦Q. Furthermore,
are the bath-modified vibronic energies of the solute complex in the reduced and oxidized states, respectively, where J I and J II are the minimum energies for the two sets of electronproton vibronic surfaces and
are the bath, solvent, and Q-mode reorganization energies, respectively. Here the bath includes the solvent and the Q-mode. The last term in the Hamiltonian induces transitions between the electron-proton vibronic states. The coupling V k denotes the vibronic coupling evaluated at the equilibrium position of the Q-mode in the product ͑oxidized͒ state ͑i.e., at Q =0͒, and the unitless parameter ␣ reflects the strength of the exponential decay of the vibronic coupling with the proton donor-acceptor distance Q. Note that in Ref. 63 , ␣ depends on the proton vibrational states ͉ I ͘ and ͉ II ͘. For notational simplicity, this dependence is omitted in the present paper, but it is straightforward to include in the derivation.
In this section, we present the derivation of the electrochemical PCET rate constant for this model using a perturbation series expansion of the density matrix. The approximations introduced in the derivation correspond to the hightemperature limit for the solvent and the Q-mode. The procedure must be modified when the temperature is high for the solvent but low for the Q-mode, as shown at the beginning of Sec. IV B. In the derivation, the projector operator method 64 is used to obtain the exact expressions for the anodic and cathodic rate constants. These expressions are then presented in a series form, which is subsequently simplified using two major approximations. First, an additional projector operator is introduced based on the assumption that the propagation of the bath density matrix can be described by an operator depending on a single reaction coordinate, while the other bath modes and the electron-proton subsystem remain at equilibrium. Second, the reaction coordinate is as-sumed to remain constant during the propagation of coherences because the latter are normally short lived. These two approximations allow us to express the series in a physically meaningful form. In the case of a two-level system, the series is geometric and thus converges to an analytical expression. 46 However, the situation is more complicated when the transitions between all electron-proton vibronic states are considered. In this case, additional approximations must be introduced.
Our objective is to describe the dynamics of the reactant and product populations defined as P 1 ͑t͒ =Tr͓c r † c r ͑t͔͒ and P 2 ͑t͒ =Tr͓͑1−c r † c r ͒͑t͔͒, respectively. Here ͑t͒ is the density matrix of the entire system ͑i.e., the electrons, the transferring proton, and the bath͒, and Tr denotes a trace over the entire system space. We are particularly interested in obtaining expressions for the anodic ͑k 1 ͒ and cathodic ͑k 2 ͒ rate constants in the following master equations for the populations:
The general expressions for these rate constants can be obtained through the projector operator technique, as described below. The Hamiltonian in Eq. ͑2͒ can be rewritten as H = H 0 + HЈ, where
where Tr b , Tr p , and Tr e denote the traces over the bath, proton, and electronic subspaces, respectively, and ␤ =1/ k B T. Note that i e is a projected equilibrium density because of the inclusion of the operator A i , which selects electronic states with an electron in state r for A 1 and electronic states without an electron in state r for A 2 . According to these definitions,
Furthermore, the dynamics of the projected density matrix is described by the following exact equation:
where the Liouville space operator L is defined as
The first term on the right side of Eq. ͑11͒ vanishes for the Hamiltonian in Eq. ͑2͒. Moreover, if we choose the initial density matrix as a linear combination of the reactant and product equilibrium densities ͓i.e., ͑0͒ = c 1 1 eq + c 2 2 eq , where c 1 and c 2 are constants͔, then the second term vanishes as well. Substituting Eq. ͑8͒ for the projector operator in the third term and using Eq. ͑10͒, we obtain the following exact equations for the populations:
where the dissipation kernels are defined as
If the kernels K ii ͑t͒ decay to zero before the populations change appreciably ͑i.e., the Markovian approximation͒, then Eq. ͑13͒ becomes
where the Fourier transformed kernels are defined as
Comparison of Eqs. ͑5͒ and ͑15͒ reveals that
The rate constants can be expressed in the form
where we have introduced the Green functions
and used the relations
Using the identity
iteratively, the rate constants can be expanded in a series, assuming implicitly that the series converges:
where
͑22͒
Note that each L Ј operation changes the state of the system between the population and the coherence space, where the populations are defined as the diagonal elements involving A 1 and A 2 and the coherences are defined as the offdiagonal elements between the solute complex HOMO state r and the one-electron electrode states k. Equation ͑22͒ can be simplified by noticing that every second Q counting from the right acts on the coherences and hence is superfluous because coherences are already in the Q -projected space. Thus, Eq. ͑22͒ can be rewritten as
can be viewed as the propagation of the initial density matrix i eq for n consecutive steps. After each step the density matrix returns to the population space.
At this point the first major approximation is made. 46 As discussed in Appendix A, we define a collective bath reaction coordinate to be a linear combination of all bath coordinates and transform to a new set of bath coordinates. We assume that the electron-proton subsystem, the bath variables ͑except for the single collective bath reaction coordinate͒, and the momentum associated with the reaction coordinate return to thermal equilibrium after each propagation step. Only the density function of the reaction coordinate is modified during the propagation. This approximation will enable us to follow the explicit dynamics of the collective bath reaction coordinate and average over the remaining bath variables. As explained in Appendix A, this approximation amounts to projecting the density matrix with the following Liouville space operator each time it returns to the population space:
is the collective bath reaction coordinate. Since the operators U and i eq do not commute, we have defined a symmetrized operator as
͑26͒
In addition,
where ͗A͘ i =Tr b ͓A i b ͔. S i ͑x͒ is the probability ͑per unit energy͒ that the reaction coordinate has value x and the system is in state i. In other words, S i ͑x͒ is the probability distribution of the reaction coordinate in thermal equilibrium with the system in state i.
Introducing the projector R after each propagation step in Eq. ͑23͒ leads to
͑28͒
The definitions in Eqs. ͑8͒ and ͑24͒ can be used to prove that P R = P , leading to the relation
͑29͒
Using Eq. ͑24͒, the first term in Eq. ͑29͒ can be written as
͑30͒
At this point the second major approximation is made. 46 In this "static" approximation, the coherences are assumed to be short lived so that the reaction coordinate does not change during the propagation of the coherences. Therefore, during the propagation of coherences the following relation holds:
͑31͒
As shown in Appendix B, with the static approximation Eq. ͑30͒ can be expressed as
͑32͒
Here
is the negative of the free energy of the anodic ͑forward͒ reaction.
We have also used the following relations in the derivation:
where f k is the Fermi probability and Z i p =Tr p ͓exp͑−␤H i p ͔͒. Using the statistical mechanical definition of the electrochemical potential, we showed previously 63 that f k is given by the familiar form
where M is the electrochemical potential. In addition, we have defined the functions
͑36͒
When ␣ =0, W i ͑y , t ; x͒ is equal to the conditional probability density that the reaction coordinate will have value y at time t if it had value x at time zero and the system is in state i. Similarly, the second term in Eq. ͑29͒ can be expressed as
͑37͒
which differs from S i ͑y͒ by the presence of the exponential factor. Substituting Eqs. ͑32͒ and ͑37͒ into Eq. ͑29͒, we obtain
͑39͒
As mentioned earlier, W i ͑y , t ; x͒ is related to the conditional probability density for the reaction coordinate to be at the value y at time t if it had value x at time zero. Therefore, ⌸ i ͑y , x͒ is related to the average time ͑per unit energy͒ the reaction coordinate will remain at the value y in state i if it had the value x at time zero. Multiplication of the superoperator in Eq. ͑39͒ on itself n times leads to the following expression:
If Eq. ͑41͒ is substituted into Eq. ͑28͒ and the static approximation, Eq. ͑31͒, is used one more time, the terms in Eq. ͑21͒ assume the form
.. , and k 1 = k, 1 = , and 1 = . Note that all terms higher than second order in the vibronic coupling include contributions from the back reaction. Equations ͑21͒, ͑42͒, and ͑43͒ are the first major results of this work. They represent the generalization of the theoretical formulation for ET between two levels to electrochemical PCET involving transitions between an infinite number of electrode and proton vibronic states. In this case, the transitions can occur for multiple crossing points along the collective bath reaction coordinate, where each crossing point corresponds to a specific electrode state and a specific pair of proton vibrational states. The second-order term in the perturbation series corresponds to a single transition, the fourth-order term corresponds to a double transition, and so forth. If the first transition occurred when U = ⌬E 1 and the second transition occurred when U = ⌬E 2 , then the reaction coordinate must move from ⌬E 1 to ⌬E 2 between the two transitions. As a result, the functions ⌸ i ͑⌬E k ␣ ␣ ␣ , ⌬E k ␣−1 ␣−1 ␣−1 ͒, which are related to the average time spent by the reaction coordinate at ⌬E k ␣ ␣ ␣ if it has moved there from ⌬E k ␣−1 ␣−1 ␣−1 , are coupled to each other head to tail in the product of Eq. ͑43͒. Due to this coupling, the series in Eq. ͑21͒ cannot be summed exactly, and we must rely on further approximations.
The expressions become simpler in the continuum representation of the electrode states. Before transferring to this representation, we introduce the electrode potential explicitly in our formulation by setting
, where e 0 is the electron charge and is the electrode overpotential. This relation defines the overpotential for the present work. According to this definition, the overpotential is zero when the energy difference J 0 I − J 0 II exactly matches the electrochemical potential of the electrode. In this case,
In the continuum representation for electrode states, Eq. ͑44͒ becomes ⌬E ͑͒ = e 0 + + ⌬J − .
͑45͒
We assume that the vibronic coupling can be approximated as the product of an electronic coupling and the overlap between the reactant and product proton vibrational wave functions: V ͑͒ϷV͑͒S p , where
We further assume that the electronic coupling and electrode density of states do not change considerably in the vicinity of the electrochemical potential and can be replaced by the constants V e and M , as in the wide band approximation typically used for electrochemical ET. With these assumptions, Eqs. ͑42͒ and ͑43͒ become
and 1 = , 1 = , and 1 = .
The next step in the derivation is to approximately evaluate the sum of the series given by Eqs. ͑21͒, ͑46͒, and ͑47͒. We propose two different approaches for this step. In the first approach we construct a ͓2/2͔-Padé approximant to the series, 67 approximating it as a ratio of two second-order polynomials in ͉V e ͉. This approach leads to the following result:
Note that is the same for the anodic and cathodic rate constants ͑i.e., it is independent of the index i͒ due to a relation derived in Sec. IV A. Equation ͑49͒ is exact up to fourth order in electronic coupling, assuming that the series converges. Since Eq. ͑21͒ is an alternating series, the following conditions must be satisfied for its convergence: ͉k ͑2n+2͒ ͉ Յ ͉k ͑2n͒ ͉ and lim n→ϱ ͉k ͑2n͒ ͉ = 0. Thus, from Eq. ͑50͒, a necessary but not sufficient condition for the series to converge is ͉͉ Ͻ 1.
The second approach is applicable only for a two-level proton subsystem, e.g., when only ground-to-ground state proton transitions are included. It is also applicable for pure ET. For the case of only ground-to-ground state proton transitions, Eqs. ͑46͒ and ͑47͒ become
and 1 = . Here ⌬E͑͒ = e 0 + − and V = V e S 00 p . Note that the vibronic coupling V includes the proton vibrational wave function overlap S 00 p because the formulation is defined in terms of electron-proton vibronic states rather than purely electronic states. Next we approximate the ͑n −1͒-fold integral in Eq. ͑52͒ as a product of ͑n −1͒ single integrals. First we focus on the expression in the curly brackets:
͑53͒
In Sec. IV A, we will show that the following detailed balance relation is satisfied:
Using this relation and defining the following time scales for the bath relaxation:
i ͑y,x͒ = ⌸ i ͑y,x͒
Eq. ͑53͒ can be rewritten as ͑ 2 ͒T͑ 2 , 1 ͒, where
In this notation, Eq. ͑51͒ assumes the simple form
At this point, we introduce a decoupling approximation that allows us to decouple the factors in the product of Eq. ͑57͒. We assume that the electronic transitions to and from the electrode are localized in a narrow range of energies. In other words, we assume that the function ͑͒ is so sharp that we can approximate it as ͑͒Ϸ␦͑ − ‫ء‬ ͑͒͒, where
and ‫ء‬ ͑͒ is the value of corresponding to the maximum of ͑͒. With this approximation, Eq. ͑57͒ acquires the form
In this case, Eq. ͑21͒ becomes a geometric series
If ͉͉ Ͻ 1, this geometric series converges to Eq. ͑49͒. Equation ͑62͒ can also be obtained if the decoupling approximation is applied to the Padé approximant in Eq. ͑50͒. Equation ͑49͒ with Eq. ͑50͒ or Eq. ͑62͒ is the second major result of this work. It is an extension of the two-level system rate constant formula obtained in Ref. 46 for homogeneous ET to the case of electrochemical PCET. The magnitude of the parameter determines whether the reaction is in the golden rule or solvent-controlled limit according to our definition of these terms in Sec. I. This parameter depends on the electrode overpotential, the solvent relaxation time, the vibronic coupling, and the parameters characterizing the proton donor-acceptor vibrational motion.
The implicit assumption underlying the derivation of Eq. ͑49͒ is that the series in Eq. ͑21͒ converges. For this series to converge, the condition ͉͉ Ͻ 1 must be satisfied. Thus, Eq. ͑49͒ may not be valid for all magnitudes of . For a twolevel system, however, similar interpolation formulas have been derived by methods that are not based on the perturbation series expansion. 35, [37] [38] [39] [40] [41] [43] [44] [45] 68 In addition, an equation similar to Eq. ͑49͒ has been derived by Morgan and Wolynes for electrochemical ET by solving master-Smoluchowski equations. 52 Based on these other derivations for related systems, Eq. ͑49͒ may be expected to be valid for values of with magnitude greater than unity. As further evidence of the potential generality of Eq. ͑49͒, an alternative derivation is provided in Appendix C.
With the decoupling approximation, the parameter given in Eq. ͑62͒ provides a physically meaningful interpretation of these electrochemical PCET processes. This parameter is very large when i ‫ء‬ ӷ 1 / k i ͑2͒ , i.e., when the average time the reaction coordinate spends at the crossing point is much longer than the time scale of the second-order transitions. In this case, the rate constant approaches its solventcontrolled limit:
Since both k i ͑2͒ and are proportional to ͉V e S 00 p ͉ 2 , this rate constant does not depend on the vibronic coupling. In the opposite limit, when i ‫ء‬ Ӷ 1 / k i ͑2͒ , the rate constant approaches its golden rule limit,
the rate constants are based on approximations that are valid only in the high-temperature limit for both the solvent and the proton donor-acceptor modes. In Sec. IV A, we use these expressions, in conjunction with relations based on the harmonic form of the bath, to derive analytical rate constant expressions in this limit. In Sec. IV B, we use a modified procedure to derive analytical rate constant expressions in the high-temperature limit for the solvent but the lowtemperature limit for the proton donor-acceptor mode.
III. OTHER MODELS
In this section we present the analytical rate constant expressions analogous to Eq. ͑49͒ for the case of pure electrochemical ET and homogeneous PCET. Only the final results will be shown since the methods used in the derivations are the same as those used for electrochemical PCET.
A. Electrochemical ET
The transfer of an electron between a redox molecule in solution and an electrode can be modeled with the following Hamiltonian:
and
In Eq. ͑64͒, r is the energy associated with the one-electron state localized on the redox molecule. For this model, the analytical expression for the rate constant that interpolates between the golden rule and solventcontrolled limits assumes the form
If the Padé approximant is used to derive this equation,
If the decoupling approximation is used to derive this equation,
In Eqs. ͑66͒-͑68͒,
+ f͑Ј͒⌸ 2 q ͓⌬E͑Ј͒,⌬E͔͖͑͒,
Here the negative of the free energy of the anodic reaction is ⌬E͑͒ = e 0 + q − , where the overpotential is defined as e 0 = r − M and is the energy relative to the electrochemical potential M . Furthermore, ‫ء‬ ͑͒ is the value of corresponding to the maximum of the function f͑͒S 2 q ͑⌬E͑͒͒. We have also defined the following quantities:
where U q = H 2 q − H 1 q is the collective solvent reaction coordinate.
B. Homogeneous PCET
In homogeneous PCET, the electron and proton are transferred simultaneously between their respective donors and acceptors within a solute complex in a solvent or protein environment. [56] [57] [58] [59] [60] This type of reaction can be modeled with the following Hamiltonian:
͑74͒
Here ͉a͘ and ͉b͘ are the molecular orbitals of the solute complex corresponding to the transferring electron being on its donor and acceptor, respectively. The operators H i p and H i b have been defined in Eq. ͑7͒. For this model, the rate constant that interpolates between the golden rule and solvent-controlled limits is given by
where the parameter h is given as
if the Padé approximant is used. When only ground-toground state proton transitions are included, h is given by
In Eqs. ͑75͒-͑77͒
Here ⌬E = J I − J II + , and the functions ⌸ i ͑y , x͒, S i ͑x͒, and i ͑y , x͒ have been defined in Sec. II. As in Sec. II, the coupling can be approximated as V Ϸ V e S p . For the evaluation of Eq. ͑77͒, only the ground proton vibrational states are included in Eqs. ͑78͒ and ͑79͒.
IV. ANALYTICAL RATE CONSTANT EXPRESSIONS
Although the bath is harmonic in the model Hamiltonian of Eq. ͑2͒, the derivation has not utilized the harmonic form of the bath up to this point and would be valid for a general bath. In this section, we specialize to a harmonic bath and derive analytical rate constant expressions. The expressions derived in Sec. III are valid only in the high-temperature limit for the solvent modes and the Q-mode because the static approximation was used to propagate the reaction coordinate, which was comprised of all bath modes ͑i.e., the solvent modes and the Q-mode͒. In Sec. IV A, we use these previously derived expressions, in conjunction with relations relying on the harmonic form of the bath, to obtain analytical expressions in the high-temperature limit for the solvent and the Q-mode. In Sec. IV B, we derive expressions in the hightemperature limit for the solvent but the low-temperature limit for the Q-mode utilizing a modified procedure in which the static approximation is not applied to the propagation of the Q-mode ͑i.e., the reaction coordinate is comprised of only the solvent modes͒.
A. High-temperature limit for the solvent and proton donor-acceptor modes
In this subsection, we calculate the quantities entering the rate constant expressions in Eqs. ͑21͒, ͑46͒, ͑47͒, and ͑49͒ analytically for a harmonic bath. Application of the cumulant expansion method 46 enables us to express Eqs. ͑27͒, ͑38͒, and ͑36͒ as follows:
and W i ͑y,t;x͒ = S i ͑y͒
͑82͒
Here we have defined the following quantities characterizing the Gaussian statistics of the bath modes:
Note that M 2 ͑t͒ approaches unity as the time t approaches zero. If W i ͑y , t ; x͒ approaches S i ͑y͒ at infinite time, the time integral of W i ͑y , t ; x͒ − S i ͑y͒ in Eq. ͑40͒ converges when x y and converges when x = y under the conditions defined in Ref. 47 for a related integral. Also note that ⌬, ⌬ Q , M͑t͒, and ␥͑t͒ are the same in the reduced and oxidized states, and the following relations hold:
In the high-temperature limit ͑i.e., ␤ប⍀ Ӷ 1, ␤ប j Ӷ 1͒, the quantities in Eq. ͑83͒ are given by
The high-temperature limit for both the solvent modes and the Q-mode is consistent with the static approximation invoked in the derivation of the rate constant in Sec. II. In the golden rule limit, the static approximation is equivalent to the short-time approximation of the reaction coordinate time correlation function, M͑t͒, in the exact rate constant expression. The short-time approximation is justified under the condition 47 
The symbol Ϯ in Eqs. ͑87͒ and ͑89͒ signifies "+" for the anodic ͑i =1͒ and "Ϫ" for the cathodic ͑i =2͒ rate constants. Substituting Eq. ͑88͒ into Eqs. ͑46͒ and ͑47͒ for n =1, we obtain the following expressions for the golden rule rate constants:
These expressions are identical in form to the golden rule rate constants derived previously, 63 although the reorganization energy includes one less term due to minor differences in the derivations.
Equation ͑88͒, in conjunction with the definitions of p I and p II in Eq. ͑34͒, leads to the following relation:
Previously we showed that
where P i eq are the reactant and product populations at equilibrium. These relations guarantee that the detailed balance condition, k 1 ͑2͒ / k 2 ͑2͒ = P 2 eq / P 1 eq , is satisfied. Note that the first equality in Eq. ͑91͒ is equivalent to Eq. ͑54͒ when only ground-to-ground state proton transitions are included. Moreover, the relation in Eq. ͑91͒ can be used to show that the parameters given in Eqs. ͑50͒, ͑67͒, and ͑76͒ are the same for the anodic and cathodic ͑or oxidation and reduction͒ rate constants.
B. High-temperature limit for the solvent and low-temperature limit for the proton donor-acceptor mode
In this subsection, we assume that the Q-mode frequency is high relative to the thermal energy ͑i.e., ␤ប⍀ ӷ 1͒ and the characteristic frequency of the solvent ͑i.e., ⍀ӷ c ͒. Therefore, we do not include the Q-mode in the collective bath reaction coordinate, and we do not use the static approximation for the propagation of this mode. In addition, we assume that only the ground states of the Q-mode are important in both the reduced and oxidized solute complexes. For convenience, we rewrite the bath Hamiltonians from Eq. ͑7͒ as
where H i q was defined in Eq. ͑65͒ and
Furthermore,
where ͉0͘ i is the ground state for the Hamiltonian H i Q . Specifically,
Since only solvent modes are included in the reaction coordinate, the projector operator R in Eq. ͑24͒ must be modified accordingly:
and S i q ͑x͒ was defined in Eq. ͑72͒. Using the static approximation for the solvent but propagating the Q-mode exactly, Eq. ͑31͒ becomes
Following the derivation procedure described in Sec. II, the series terms in Eq. ͑21͒ can be approximated as
.. , and 1 = , 1 = , and 1 = . Moreover,
and ⌸ i q ͑y , x͒ was defined in Eq. ͑72͒. To obtain these expressions, we assumed that only the ground states of the Q-mode are important and invoked the wide band approximation discussed above.
The ͓2/2͔-Padé approximant to the series defined by Eqs. ͑21͒, ͑100͒, and ͑101͒ gives
If only ground-to-ground state proton transitions are included, the decoupling approximation can be used to approximate Eq. ͑21͒ as a geometric series. In this case,
where the time scales i ‫ء‬q were defined in Eq. ͑71͒. For a harmonic solvent at high temperature, the quantities entering the rate constants given by Eqs. ͑21͒, ͑100͒, ͑101͒, and ͑103͒ can be obtained analytically using the cumulant expansion method. The resulting expressions are
͑107͒
͑108͒
In Eqs. ͑106͒ and ͑107͒, the symbol Ϯ signifies + for the anodic ͑i =1͒ and Ϫ for the cathodic ͑i =2͒ rate constants. The golden rule rate constants are obtained by substitution of Eq. ͑106͒ into Eqs. ͑100͒ and ͑101͒ for n =1:
These expressions are equivalent to the golden rule rate constants derived previously in the low-temperature limit for the Q-mode.
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V. APPLICATIONS
In this section, we apply the methodology described above to model systems for electrochemical ET and PCET. These calculations illustrate the dependence of the parameter and the rate constant on various physical characteristics of the system. A comparison of electrochemical ET and PCET provides insight into the distinguishing characteristics of electrochemical PCET.
The strength of the coupling of the solvent modes to the electronic subsystem is described by the spectral density
and the solvent reorganization energy can be expressed as
Substituting Eq. ͑110͒ into Eq. ͑85͒ leads to
͑112͒
Choosing the Lorentzian spectral density
where is the parameter controlling the coupling strength and c is the solvent cutoff frequency, the correlation function in Eq. ͑112͒ assumes the following form in the hightemperature limit for the solvent and Q-mode:
Note that the imaginary part of M͑t͒ has terms proportional to ប c ␤ and ប⍀␤ and thus vanishes at high temperature. Similarly, M q ͑t͒ = exp͑− c t͒. We chose physically reasonable parameter values in our calculations. The temperature was set to 298 K, and the solvent reorganization energy was chosen to be q = 1.0 eV. The Q-mode reorganization energy was calculated according to Eq. ͑4͒. The dimensionless parameters G and ␣ were calculated with the formulas
Here, ␦Q is the difference in the equilibrium positions of the Q-mode in the reduced ͑reactant͒ and oxidized ͑product͒ states and M is the effective mass of the Q-mode. We used ␦Q = 0.05 Å and M = 50 amu. The quantity ͉V e ͉ 2 M was chosen to be 0.002 and 0.01 eV for the ET and PCET calculations, respectively. The quantity S p is the overlap integral of the proton wave functions evaluated at the equilibrium position of the Q-mode in the product ͑oxidized͒ state ͑i.e., at Q =0͒. The proton vibrational states were assumed to be harmonic oscillator wave functions corresponding to two parabolic potentials along the proton coordinate with minima separated by 0.8 Å. The mass of the proton was 1 amu, and the frequency associated with the harmonic proton potentials was 3000 cm −1 . The parameter ␣ was calculated from the derivative of the natural logarithm of the overlap integral S 00 p with respect to Q at Q =0 ͑i.e., when the minima of the proton potentials were separated by 0.8 Å͒. The integrals over time and energy were evaluated numerically using the Wolfram MATHEMATICA 6.0 package.
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A. Electrochemical electron transfer
The electrochemical ET rate constant is given by Eq. ͑66͒ with the ET parameter given by Eq. ͑67͒ or Eq. ͑68͒ depending on the type of approximation used. The rate constant was calculated using the analytical results in Eqs. ͑106͒ and ͑107͒. The value of ‫ء‬ ͑͒ was determined numerically from the relation
Under the condition
which is satisfied in the normal Marcus region with large reorganization energy considered in our calculations, the ET parameter in Eq. ͑68͒ asymptotically approaches the value
This expression represents the extension of Zusman's result for a two-level ET system 35 to electrochemical ET. The dependence of the ET parameter, calculated with Eqs. ͑67͒, ͑68͒, and ͑118͒, on overpotential and solvent cutoff frequency is depicted in Figs. 1 and 2 . The largest relative percentage error introduced by the decoupling approximation to Eq. ͑67͒ is ϳ19% in these calculations. Although this error may be considered large for obtaining quantitatively accurate results, the approximation is adequate for the qualitative description of the rate constant dependence on the overpotential and solvent cutoff frequency. Figure 2 illustrates that ET is an exactly linear function of the inverse solvent cutoff frequency. For the proof of this linear dependence, see the Appendix in Ref. 52 . Figure 3 depicts similar, the quantitative differences increase as the magnitude of the overpotential increases, corresponding to larger values of the ET parameter. The dependence of the general anodic rate constant on the solvent cutoff frequency is depicted in Fig. 4 . At low cutoff frequency values, the rate constant approaches the solvent-controlled limit proportional to c . At higher cutoff frequencies, the rate constant becomes less dependent on c and eventually reaches its golden rule limit.
B. Electrochemical proton-coupled electron transfer
In the high-temperature regime for both the solvent and the Q-mode, the electrochemical PCET rate constant is given by Eq. ͑49͒, with the parameter defined in Eq. ͑50͒. For the case of ground-to-ground state proton transitions, Eq. ͑62͒ may be used as well. To calculate the rate constant, we used the analytical results in Eqs. ͑87͒-͑89͒, which are valid in the high-temperature limit for both the solvent and the Q-mode. The value of ‫ء‬ ͑͒ was determined numerically from the relation
Due to the undamped oscillations of the Q-mode, the function W ͑y , t ; x͒ in Eq. ͑89͒ does not approach S͑y͒ at infinite time, so the time integral in Eq. ͑40͒ does not converge. In physically realistic systems, the Q-mode is damped by interactions with the solvent, but including such interactions explicitly in the model is complicated. 70 Instead, we follow a simple procedure involving the substitution e Ϯi⍀t → e −⌬ t e Ϯi⍀t , where ⌬ is the width of the dispersion of the Q-mode frequencies around ⍀ due to the interaction with the solvent modes. 72, 73 This leads to simply multiplying 4␣ G / ␤ cos͑⍀t͒ −2i␣ Gប⍀ sin͑⍀t͒ and Q cos͑⍀t͒ in Eqs. ͑89͒ and ͑114͒, respectively, by e −⌬ t . In our calculations, we set ⌬ =10 cm −1 . The lowest two reactant and lowest two product proton vibrational states were included in the calculation of the numerator in Eq. ͑49͒. The contribution of higher states was found to be insignificant ͑i.e., Ͻ1%͒ for these systems. The contribution of the first excited proton vibrational states to the fourth-order rate constant term entering Eq. ͑50͒ was found to be significant, especially at large values of the overpotential. For illustration, the values of the second-and fourth-order terms in the series expansion of the anodic rate constant were calculated with Eqs. ͑46͒ and ͑47͒ for different Tables I and II , which include only the terms that are greater than 1% of the ground-to-ground state term. However, the numerical evaluation of the integrals becomes problematic and very time consuming when these excited proton vibrational states are included ͑i.e., the inclusion of the low- est two reactant and product proton vibrational states results in 16 fourth-order terms͒. Since the objective of the calculations was to explore the qualitative dependence of the rate constant on the model parameters, only the ground proton vibrational states were used in the calculation of the parameter. The inclusion of excited proton vibrational states is not expected to change the qualitative behavior of the rate constant for these model systems.
The dependence of the parameter calculated with Eqs. ͑50͒ and ͑62͒ on overpotential and solvent cutoff frequency is depicted in Figs. 5 and 6. Although the decoupling approximation to Eq. ͑50͒ introduces a relative percentage error of up to 15% at low solvent cutoff frequencies, it provides the correct qualitative description of the parameter dependence on overpotential and solvent cutoff frequency. Furthermore, these figures indicate that the proton donor-acceptor vibrational motion modifies the behavior of the parameter compared to pure electrochemical ET. For example, is no longer a symmetric function of overpotential and is not quite linear with respect to c −1 . Figure 7 depicts a comparison of the general anodic rate constant given by Eqs. ͑49͒ and ͑50͒ to its golden rule limit given by Eq. ͑90͒. The largest deviation between the general and golden rule rate constants occurs at negative overpotential, corresponding to the largest values of the parameter in our calculations. The dependence of the general anodic rate constant on the solvent cutoff frequency is depicted in Fig. 8 for three values of the Q-mode frequency. The values of the Q-mode frequency were chosen to ensure that the parameter is near unity. In this regime, a small variation in the Q-mode frequency may shift the rate constant from the golden rule to the solvent-controlled limit. Thus, for ⍀ = 115 and 105 cm −1 , the rate constant is in the golden rule and solvent-controlled limits, respectively, for almost the entire range of solvent cutoff frequencies shown, whereas for ⍀ = 110 cm −1 the rate constant spans the solvent-controlled and golden rule limits for this range. This behavior is illustrated in Fig. 8 , where all of the general anodic rate constants are scaled so that they approach the same golden rule limit. In this figure, the general anodic rate constant calculated with the highest value of ⍀ is nearly identical to the golden rule rate constant, while the general anodic rate constant calculated with the lowest value of ⍀ differs significantly from the golden rule rate constant and increases substantially with the solvent cutoff frequency.
The strong dependence of the parameter on the Q-mode frequency is evident in Eq. ͑62͒, which indicates that is proportional to the second-order rate constant when only ground-to-ground state proton transitions are included. This second-order rate constant decreases very strongly with the Q-mode frequency due to the exponential ⍀-dependent prefactor, as evident in Eq. ͑90͒. 63 Thus, altering the proton donor-acceptor vibrational frequency provides an additional mechanism for interconverting between the solventcontrolled and golden rule limits.
VI. CONCLUDING REMARKS
In this paper, we derived electrochemical PCET rate constant expressions that interpolate between the golden rule and solvent-controlled limits and thus are applicable for a wide range of vibronic couplings and solvent relaxation 
times. Different expressions were obtained for the high-and low-temperature limits for the proton donor-acceptor vibrational motion. In the high-temperature limit for this mode, the general anodic rate constant is given by Eq. ͑49͒ with the parameter given by either Eq. ͑50͒ or Eq. ͑62͒, where the second-and fourth-order rate constant terms are calculated from Eqs. ͑46͒ and ͑47͒ using Eqs. ͑40͒ and ͑87͒-͑89͒. In the low-temperature limit for this mode, the general anodic rate constant is given by Eq. ͑103͒ with the parameter given by either Eq. ͑104͒ or Eq. ͑105͒, where the second-and fourthorder rate constant terms are calculated from Eqs. ͑100͒ and ͑101͒ using Eqs. ͑72͒, ͑106͒, and ͑107͒. The golden rule rate constant is valid for relatively low magnitudes of overpotential, electronic coupling, and proton vibrational wave function overlap, as well as for relatively high solvent cutoff frequency and proton donor-acceptor vibrational mode frequency. Analogous rate constant expressions were also presented for pure electrochemical ET and homogeneous PCET.
The magnitude of the parameter dictates whether the reaction is in the solvent-controlled or golden rule limit or in the intermediate regime. In the golden rule limit, the rate constant is proportional to the square of the vibronic coupling and is independent of the solvent relaxation time. In the solvent-controlled limit, the rate constant is independent of the vibronic coupling and increases as the solvent relaxation time decreases. The parameter is proportional to the square of the vibronic coupling and also depends on the electrode overpotential, the solvent relaxation time, and the proton donor-acceptor vibrational mode frequency. In contrast to pure electrochemical ET, the parameter for electrochemical PCET is not a symmetric function of overpotential and is not quite linear with respect to the solvent relaxation time. For both electrochemical ET and PCET, variation of the solvent relaxation time, the electronic coupling, and the overpotential can lead to the interconversion between the solventcontrolled and golden rule limits. For electrochemical PCET, this interconversion may also be induced by altering the proton donor-acceptor mode frequency and the overlap between the reactant and product proton vibrational wave functions, which impacts the overall vibronic coupling. Thus, the properties of the PT interface in electrochemical PCET provide additional flexibility for tuning the qualitative behavior of the reaction rate.
In addition, this theoretical formulation enables us to make experimentally testable predictions about the kinetic isotope effect ͑KIE͒, which is the ratio of the rates for hydrogen and deuterium transfer. In the golden rule limit, the KIE for a given transition is approximately proportional to the square of the vibronic coupling, which in turn is proportional to the square of the ratio of the overlaps of the hydrogen and deuterium vibrational wave functions. The magnitude of the KIE has been observed to be quite large for some PCET reactions in this regime. 61 In the solvent-controlled limit, the KIE is expected to be relatively moderate because the rate constant is independent of the vibronic coupling, and the other parameters are not expected to depend strongly on the isotope. In this limit, the KIE arises mainly from differences in zero point energy and vibronic energy level splittings. Note that contributions from excited vibronic states could lead to more complex behavior of the KIE in both limits. 61 Due to the qualitative differences in the KIE for the solvent-controlled and golden rule limits, the KIE provides an additional probe for characterizing the nature of electrochemical PCET processes. Thus, this theoretical formulation identifies characteristics of the rate constants that are specific to electrochemical PCET and provides predictions that may be tested experimentally. For example, chemical modifications that impact the PT interface properties can be performed to interconvert between the solvent-controlled and golden rule limits, which exhibit qualitatively different behaviors. Moreover, measurement of the KIE may serve as a unique probe for monitoring the interconversion between the solvent-controlled and golden rule limits. Feedback between experiment and theory will enhance our understanding of the fundamental principles dictating electrochemical charge transfer reactions. 
APPENDIX A: THE MEANING OF THE PROJECTOR R
In this appendix, we explain in detail the assumptions underlying the introduction of the additional projector R in Eq. ͑23͒ to obtain its approximation in Eq. ͑28͒. According to Eq. ͑25͒, the reaction coordinate is a linear combination of all of the bath coordinates, which are denoted q m . A transformation to the new bath coordinates q m exists, such that
Let us assume that the dynamics along the reaction coordinate are classical. Then the reactant and product equilibrium densities in Eq. ͑9͒ assume the form Therefore, the introduction of the projector R in Eq. ͑23͒
assumes that every propagation step L ЈĜ 0 ͑0͒L ЈĜ 0 ͑0͒ does not disturb the reactant and product equilibriums of the electron-proton subsystem, the bath variables other than the reaction coordinate, and the momentum of the reaction coordinate. However, the density function of the classical reaction coordinate is modified after every propagation step. Since the functions F i ͑U͒ are arbitrary, they can be different after every propagation step.
APPENDIX B: THE DERIVATION OF EQUATION "32…
Invoking the definition of the Green function Ĝ 0 and using the property that L Ј and L 0 are Hermitian, the numerator in Eq. ͑30͒ can be expressed as where ⌬E k is defined in Eq. ͑33͒ and "h.c." denotes Hermitian conjugate. Note that the only dependence on i =1,2 in the above formula is through the overall sign because U and B † + B commute. At this point, we introduce the static approximation. 46 We assume that the reaction coordinate does not change during the integration over t 2 in Eq. ͑B1͒ because the propagation with exp͑iL 0 t 2 ͒ involves two different bath Hamiltonians, as evident in Eq. ͑B2͒. Accordingly, the integrand of Eq. ͑B1͒ vanishes very quickly with t 2 , and 
͑B3͒
With this approximation, Eq. ͑B2͒ becomes = ͐d͑͒, used in Sec. II is consistent with the present derivation. With this approximation, in Eq. ͑C9͒ becomes equivalent to the right side of Eq. ͑62͒. Note that Eq. ͑C11͒ has the exact golden rule rate constant in the numerator, while Eq. ͑49͒ has its static approximation instead.
APPENDIX D: LIST OF SYMBOLS
In this appendix, we provide a list of definitions for the most important quantities that appear in the text.
Symbol
Description Defining Eqs. 
